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emphasis has been given to the impact of general initial conditions on the work performed on a quantum system by a classical force. 25 In the present paper we investigate the work performed by an external force acting on an otherwise isolated quantum system. The characteristic function of the work is shown to always assume the form of a correlation function of the exponentiated system Hamiltonians at the initial and final time, regardless of how the system was initially prepared. This characteris-tic function comprises all aspects of the statistics of the work. In the special case of a microcanonical initial state an almost symmetric expression with respect to the initial and the final Hamiltonian is obtained in terms of the Laplace transformed characteristic function. For this expression a fluctuation theorem can be derived that relates the ratio of the mean values of the inverse shifted work for the original process and of the respective quantity for the time reversed process to the change of entropy between a fictitious microcanonical state with the final Hamilton operator and the initial microcanonical state.
The paper is organized as follows. In Sect. 2 the characteristic function of work is expressed as a correlation function of exponentiated Hamiltonians.
The density matrix which enters this expression is given by the initial density matrix of the system projected onto the diagonal elements with respect to the eigenbasis of the initial Hamiltonian. In the special case of a canonical density matrix the known form of the canonical characteristic function is recovered. In Sect. 3 we consider a microcanonical initial state and derive a fluctuation theorem. The paper ends with a Discussion.
Characteristic functions of work
The response of a quantum system on the perturbation by a classical, external force can be characterized by the change of energy contained in the total system. The energy of the total system is determined by its Hamiltonian H(t). It includes the external force and therefore depends on time. We will consider the dynamics of the system only within a finite window of time [t 0 , t f ] during which the force is acting in a prescribed way, resulting in a protocol of Hamiltonians, which we denote by {H(t)} t f ,t 0 . A measurement of the Hamiltonian H(t) at a time t will result in an energy which is an eigenvalue e k (t) of the Hamiltonian, i.e.
where λ is a quantum number which labels a possible degeneracy of the eigenvalue e k (t). The eigenfunctions ϕ k,λ (t) then span the eigenspace of H(t)
belonging to e k (t). The projection operator on this eigenspace becomes
Measuring the Hamiltonian twice one obtains as results eigenvalues e n (t 0 ) and e m (t f ) of the Hamiltonian H(t) at the respective times of measurement t 0 and t f . The work w performed on the system is given by the difference of the measured energies, i.e.
This difference is a random quantity. The probability p n , with which the particular eigenvalue e n (t 0 ) is observed in the first measurement, depends on the density matrix ρ(t 0 ) which describes the state of the total system at time t 0 . According to the laws of quantum mechanics this probability is given by the expectation value of the projection operator P n (t 0 ) onto the subspace of eigenstates of the Hamiltonian H(t 0 ) with energy e n (t 0 ), i.e. by
Immediately after this measurement the system is found in the corresponding state with properly normalized density matrix
and then evolves in time according to
where the unitary time evolution operator U t f ,t 0 obeys the Schrödinger equa-
Note, that in general the time evolved states ψ n,λ (t) = U t,t 0 ϕ n,λ (t 0 ) are not eigenfunctions of H(t). The second measurement, at time t f , produces an eigenvalue e m (t f ) of H(t f ) which occurs with probability
The probability density of work, p t f ,t 0 (w) can then be expressed as
For the characteristic function of the work,
which is the Fourier transform of the probability density of work, cf. e.g. 12,26 , we obtain
where we used the completeness relation m P m (t f ) = 1 and introduced the density matrixρ
with respect to which the average in the correlation function e iuH(t f ) e −iuH(t 0 ) t 0 is performed. This density matrix describes the state of the system projected onto the eigenbasis of the Hamiltonian at time t = t 0 . It coincides with the initial density matrix ρ(t 0 ) only if ρ(t 0 ) commutes with the Hamiltonian
In particular, if the system is initially in a canonical state the known form of the canonical characteristic function results 22 from which the Tasaki
Crooks fluctuation theorem and the Jarzynski work theorem follow. 23 Notably, this characteristic function which follows from the protocol of Hamiltonians H(t) assumes the form of a two-point quantum correlation as it is the case in linear response theory, despite the fact that it embraces the full nonlinear response on the perturbation by the applied force.
Microcanonical initial state
A microcanonical initial state is characterized by an ensemble that consists of all eigenstates of H(t 0 ) with eigenvalues in a narrow band around an energy E. All contributing states have equal weights. The corresponding microcanonical density matrix can most conveniently be given in terms of a
where Ω E (t 0 ) denotes the number of states at energy E
and C ǫ (E) is a circle in the complex plane with center at z = E and radius ǫ. Hence, all projection operators on eigenstates of the Hamiltonian H(t 0 )
with eigenvalues e n (t 0 ) ∈ [E − ǫ, E + ǫ] add to the microcanonical density matrix ρ E (t 0 ) with equal finite probability whereas all other eigenstates do not contribute. Note, that the curve C ǫ (E) may be continuously deformed to any other closed path in the complex plane as long as the deformed path still contains the same part of the spectrum of H(t 0 ) as the original cycle.
Combining eqs. (11) and (15) we find for the characteristic function of work the expression
where we replaced the operator H(t 0 ) under the integral by the integration variable z. This is based on an important property of the Dunford integral, cf.
the Appendix, eq. (27) . To obtain a more symmetric expression with respect to the initial and terminal times we perform a Laplace transformation. This can separately be done for positive and negative values of u. For positive ones it yieldŝ
where we exchanged the order of integrals and of the trace. In order to guarantee convergence, the complex Laplace variable s must have a positive real part, ℜs > 0. The transformation with negative u accordingly yieldŝ
Again, s is required to have a positive real part, ℜs > 0.
Using the definitions (10), (17) and (18) 
We now consider the positive u transform with a positive real part of s that is smaller than the radius ǫ of the circle C ǫ (E). We then obtain
where we shifted the time dependence from the Hamiltonian at finite time to that at the initial time by means of the cyclic invariance of the trace and the unitarity of the time evolution saying that U + t f ,t 0 = U t 0 ,t f . Here the operator protocol. Under the assumption ℜs < ǫ the integration path in the number of states can be deformed to a circle with center at E +ℑs such that Ω E−is (t f ) = Ω E+ℑs (t f ). Of course, only energies E + ℑs lying in an ǫ neighborhood of an eigenvalue of the Hamiltonian H(t f ) will lead to a finite number of states.
Otherwise Ω E+ℑs (t f ) vanishes.
We conclude from eq. (22) that the following fluctuation theorem holdŝ
In this general form it connects the positive and negative u transformed characteristic functions for a forward and a time reversed protocol starting at different energies. The right hand side of this relation contains the numbers of states of the two microcanonical systems with Hamiltonians H(t 0 ) and H(t f ) and respective energies E and E + ℑs. These equilibrium quantities can be expressed in terms of the respective entropies S(E, t) = k B ln Ω E (t).
The dependence of the entropy on t merely specifies the Hamiltonian H(t)
of the system which is supposed to stay in a microcanonical state at energy E. We note that the only meaningful energies are those that are eigenvalues of H(t). If the energy falls into a gap of the spectrum of H(t) the number of states vanishes and the corresponding entropy formally takes the value −∞.
The Laplace transformed characteristic functions on the left hand side depend on the nonequilibrium process forced according to the actual protocol.
They can be expressed by means of the eqs. (19, 20) in terms of mean values of the inverse of shifted work. Choosing
This fluctuation theorem relates the ratio of the mean inverse shifted work performed on a system, which is initially prepared in a microcanonical state at energy E 0 , and the corresponding quantity for the time reversed process, which starts in the microcanonical state at energy E f , to the exponent of the entropy difference of two microcanonical systems with Hamiltonians H(t f ) and H(t 0 ) at energies E f and E 0 , respectively.
Conclusions
The expression for the characteristic function of work performed on an isolated quantum system by an external force was generalized for arbitrary 
where C A is a closed curve in the complex plane which encircles the spectrum of the operator A. If λ is an isolated eigenvalue of A then the projection operator P λ on the corresponding eigenspace of A can be expressed as
where C ǫ (λ) is a circle with center λ and radius ǫ which separates λ from the rest of the spectrum. Finally we note the useful relation for the product of two functions reading
